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ABSTRACT. - We study the asymptotic behavior of a sequence of Dirichlet problems on varying domains for 
a Dirichlet form of diffusion on a locally compact Hausdorff space. The limit problem admits a characterization 
in terms of a Bore1 measure, which can be identified by using a suitable capacity associated with the Dirichlet 
form. 0 Elsevier. Paris 
Introduction 
The purpose of this paper is to study the asymptotic behavior of the solutions of Dirichlet 
problems in perforated domains for a Dirichlet form of diffusion type on a locally compact 
Hausdorff space. 
To introduce the problem, let us recall the results that are known for a bounded 
open subset 0 of R” in the classical case of the Dirichlet form a[u, w] = SC2 VuVv dx 
with domain H,1( St), which corresponds to the Laplace operator with Dirichlet boundary 
conditions on dS2. In this case we consider a sequence of Dirichlet problems of the form 
(0.1) 
-Auh=f in Oh, 
uh E H$h), 
where f E H-l(R) and (Rh) is a sequence of open subsets of R. The problem is to 
describe the asymptotic behavior of the solutions ?& as h -+ CO. It was proved in [12] that 
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there exists a subsequence, still denoted by (62[, ). such that for every f E H ’ (It) the 
solutions ?l,h of (0.1) converge weakly to the solution II of a problem of the form 
i 
u E H,l(b2) n L”(d2. I”), 
I 
UUUTI dx + 
I 
%I, 11 p(dx) = (f.,?!) VT, E H,1(12) n L”(62. p), 
R . !2 
where (.: ,) denotes the duality product between H-l(f2) and Hi(Q) and p is a Bore1 
measure on R, independent of ,f, which vanishes on all polar sets, but may possibly take 
the value +cc on non-polar sets. The class of all these measures is denoted by Mo(b2). 
In order to identify the measure p: it is useful to introduce the variational notion of 
jr-capacity. This is defined for every measure IL E ,4&(Q) and for every Bore1 set E c 62 by 
cap, (E. 62) = rnin 
(1 
JDul’d:r: + (II, - 1)2/l,(dx) : 7L E If(#) . 
5) I .E > 
The h-capacity is increasing with respect to E and is continuous under variational 
perturbations of p. In the case of the Dirichlet problem in the domains flh considered 
above, one can introduce for every /L the Bore1 measure: 
where cap(E, 0) denotes the classical Newtonian capacity of E in 0. It is easy to check that 
cap ,,,,, (E. it) = cap(E\% , 52) 
for every Bore1 set E C 62 and that problem (0.1) can be written as: 
(Uh E w:(q n L2((2, /I/~). 
It is also possible to prove that cap,(E, 62) can be obtained by regularizing the limit, 
as h -+ co: of the sequence capfic,, (E, 62); which in this case is equal to the sequence 
cap(E\Rh, 52). Therefore cap,(E, 62) is known if we know the asymptotic behavior of 
the capacities of the sets E\Q2,,. 
The problem is now reduced to the reconstruction of CL from cap,. If CL is absolutely 
continuous with respect to a given reference Radon measure V, it is possible to prove 
(see [6, Theorem 2.31) that the density 9 of h with respect to 11 can be obtained by a 
derivation argument. More precisely 
(0.2) 
for v-almost every IC E 62. Note that in this formula capI (Z? (z, T); $2) replaces 
p (B (x7 r)) in the classical Besicovitch derivation formula. 
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This method can be applied only if 1-1 is absolutely continuous with respect to a given 
Radon measure V. In the case of an arbitrary p E M, ($2) it is possible to prove that 
for every Bore1 set B c R we have 
(0.3) 
where the supremum is taken over all finite Bore1 partitions (Bi)iEl of B. This shows 
that p is the least superadditive set function which is greater than or equal to cap, (., Q). 
The proof of (0.3) is given in [9, Theorem 4.31 and is obtained by applying the derivation 
formula (0.2) to a suitable auxiliary measure V. 
All these results have been proved in the following framework: 
(a) the ambient space is an open subset of R”; 
(b) the differential operator is symmetric and uniformly elliptic. 
In this paper we extend these results to the case of a regular Dirichlet form on a 
connected, locally compact, separable Hausdor-space X. More precisely, we are given a 
regular Dirichlet form a [‘u., V] on X with domain D [a], and we require that: 
(a’) (X, m) is a measure space, and rn satisfies a doubling property (see $1); 
(b’) the regular Dirichlet form a [YL, V] satisfies the Poincare inequality (see $1). 
We note that in recent papers [l-3] and [4], M. Biroli and U. Mosco proved that this 
framework is rich enough, in the sense that the theory developed by them includes some 
aspects of the classical variational theory of (second order) uniformly elliptic equations and 
also a wide class of degenerate elliptic operators with discontinuous coefficients, such as 
weighted and sub-elliptic operators. An interesting feature of this theory is the exploitation 
of the intrinsic metric defined in terms of the energy measure associated with the Dirichlet 
form a [u, ZJ] (see $1). 
In the classical framework of the uniformly elliptic operators on open subsets of R” the 
proofs of the results (0.2) and (0.3) are based on the derivation theorem on balls of R’“, 
which is proved by using the Besicovitch covering lemma. But, in general, this lemma is 
not valid in a homogeneous space equipped by the metric induced by a Dirichlet form; 
in fact, in [22, $41 it is shown that the Heisenberg group (endowed with the Heisenberg 
metric) fails to have the Besicovitch covering property. 
One of our main results (Theorem 2.1) is the proof of a formula, analogous with (0.3), 
which permits the reconstruction of p from the p-capacity relative to the Dirichlet form 
a [u, V] (Definition 1.4). This result is proved for p belonging to the class ME (12) of 
non-negative Bore1 measures on an open subset 62 of X which vanish on all sets with 
capacity zero with respect to a [TL, v]. Instead of the derivation result in [6], which seems 
not to be valid in this general context, in the proof we use the properties of Green’s 
functions and Kato measures relative to a Dirichlet form, studied in [3] and [4]. More 
precisely, first we prove formula (0.3) for non-negative Kato measures. Then we consider 
the case of a diffuse measure, i.e., we assume that p E Mz (62) and IL ({z}) = 0 for every 
:I’ E f2. These measures can be represented (see [ 111) as the product of a non-negative 
Bore1 function and a non-negative Kato measure, to which we can apply the previous 
result. In the last step we consider the case of a general measure p in ME (Q), which is 
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decomposed into an atomic and a diffuse part. The diffuse part admits the representation 
formula (0.3) and the atomic part admits also a representation in terms of the /r-capacity 
of the singletons (see formula (2.1)). We remark that in the classical context the atomic 
part disappears, since the singletons have capacity zero. On the contrary, in the framework 
of Dirichlet forms, a singleton {.z} can have a strictly positive capacity, so that the Dirac 
mass at :L: belongs to M z (fl) (see the example in the last section). 
Under suitable conditions we prove formula (0.2) for the balls in the intrinsic metric 
(Theorem 3.4), when b is absolutely continuous with respect to a Radon measure I/. Due 
to the generality of our setting (we do not require X to possess a differentiable or a linear 
structure), and also to the method used to prove Theorem 3.4, we are forced to assume that 
the measure 71 is absolutely continuous with respect to a measure which satisfies a doubling 
condition. Indeed our main technical tool in the proof of Theorem 3.4 is a derivation result 
valid for these measures (Remark 3.2) and the doubling condition can be considered a kind 
of smoothness assumption which balances the possible “wild” character of the intrinsic 
balls (see Remark 3.5). However we remark that when we are in a “smooth” framework, 
i.e., when a Besicovitch type covering exists, as in the n-dimensional Euclidean space 
R”, or in a compact n-dimensional Riemannian manifold with boundary, we can omit the 
above assumption on v and we recover the previous results, namely Theorem 2.3 in [6] 
for R” and Theorem 3.14 in [21] for Riemannian manifolds. 
We remark that the proofs of Theorems 2.1 and 3.4 introduce some simplifications also 
in the classical case of the Laplace operator, since in the crucial steps the measures in 
H-l ((2) are replaced by the more regular measures in the Kato class. 
In the last part of the paper, we apply the previous results in order to reconstruct the 
measure IL which appears in the limit of a sequence of Dirichlet problems in domains with 
varying holes. In this case the measure 11, is obtained from the limit of suitable capacities 
related to the holes. 
The plan of the paper is the following: in Section 1 we introduce the notions of capacity, 
/L-capacity, Green’s function, and Kato measure associated with a regular Dirichlet form. In 
Section 2 we prove the reconstruction formula for the measure p in terms of its b-capacity. 
In Section 3 we establish a derivation result for p-capacities under suitable conditions 
on the measures or on the metric space. In Section 4 we apply the previous results to 
identify the measure h which appears in the asymptotic problem for a sequence of Dirichlet 
problems in perforated domains or, more in general, for a sequence of relaxed Dirichlet 
problems. In Section 5 we consider a Dirichlet form for which a point has positive capacity, 
and construct an example of a sequence of Dirichlet problems in perforated domains such 
that the measure IL which appears in the limit problem is purely atomic. 
1. Preliminaries on Dirichlet forms 
Let X be a connected, locally compact, separable Hausdollfs space. We fix a positive 
Radon measure m on X, with supp m = X, which is called the “volume” measure on X. 
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Dirichlet Forms. For the general theory of Dirichlet forms we refer to [17]. Let us 
consider a strongly local regdar Dirichletform I;L[U, w] on the Hilbert space L2(X, m) with 
domain D[a]; for r > 0 let a,[~, II] be the form defined by 
CL, [u, IJ] = a[u, v] + 7 s lLWrn( dx)s 
for every U, 11 E D[n]. We recall that D[o,] is a Hilbert space with the intrinsic norm 
(Ul[uJL])l’? 
It is possible to associate with n[u, U] a Radon-measure-valued non-negative definite 
symmetric bilinear form Q[U, u](&:), called the energy measure of n, such that 




for U, u E D[a]. We refer to [3, $2(c)], and [19, $3(j)], for the definition and for the main 
properties of the energy measure, and to [18] for the proofs in a more general context. 
Since the form a[~, V] is regular, there exists a core C c Cc(X) n D[a] which is dense 
in C,.(X) with the uniform norm and in D[a] with the intrinsic norm. We assume that 
CY is an m-separating core, that is, for every x, v E X, with x # yI, there exists 4 E C 
such that 4(x) # 4(y) and ~[A41 L ‘m: where the last inequality is understood in the 
sense of Radon measures on X. 
Localization ofDirichZetforms. For every open subset R of X, the closure of CJfl)no[c$ 
in D[n] for the intrinsic norm is denoted by Do[a, R]. 
We define o[n, 01 as the set of all restrictions ~(~2 to 62 of functions ‘u E D[u]. By 
the strong local property of the form a[?~, u], the restriction to R of the energy measure 
Q[U, v] depends only on the restrictions of u and u to R. This allows us to define IL[U, ‘u, (21 





where U and V are arbitrary extensions of u and II to X belonging to D[a]. Similarly 
we define 




for every U, II E D[a, a] and for every T 2 0. For the properties of the space D[o,, R] 
we refer to [19, $3(p)]. 
The intrinsic metric. By means of the energy measure of the Dirichlet form a[~, II] we 
can introduce a metric on X, called the intrinsic metric, defined by 
d(x, y) = sup{p(x) - p(y) : p E c, cr[p, ‘p] 5 m on X}: 
where the inequality is understood in the sense of Radon measures on X. By B(n:, r) we 
denote the intrinsic ball centered at .?: with radius T, i.e., 
B(x, ?-) = {y E x : d(x, y) < r}. 
We assume that the topology induced by this metric coincides with the given topology 
of x. 
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Doubling condition. We assume that the measure m on X satisfies the following doubling 
condition with respect to the intrinsic metric: there exist two constants R, > 0 and C,, > I 
such that 
for every x E X and for every 0 < r 5 R,. The metric space (X, d) together with this 
doubling measure m is then a space of homogeneous type or, for brevity, a homogeneous 
space in the sence of Coifman-Weiss (see [S]). 
Let us remark that if X is the union of a sequence of balls of radius R,, then the 
separability of X is a consequence of the homogeneity. 
Poincare’ inequality. We assume the validity of the following Poincare inequality: there 
exist two constants Ci > 0 and k 1 1 such that for every 0 < r’ _< R, and for every 
u E D[a] we have 
I 
n[u, u](h), . By, 
V.’ 
.) Iu - ~,,7-124w 5 Gr2 / 
.B (!!.A II 
where ~l~,~ is the average of 7~ on B(y,r) with respect to the measure rn. 
Capacity and quasi-continuous representatives. The capacity of a set E c X associated 
with the Dirichlet form a[u, V] is denoted by cap”(E) ( see [17, Section 3.11). The capacity 
cap”(E, 0) of a set E with respect to an open set Q c X is defined in a similar way, 
replacing X by R and D[a] by Do[a, 01. 
A function u defined on an open set 0 c X is said to be quasi-continuous if for every 
E > 0 there exists an open set G, with capacity less than E such that the restriction of 
‘u to Q/G, is continuous. 
Every u E D[a, 01 admits a quasi-continuous representative, that is, there exists a quasi- 
continuous function fi on R, unique up to modifications on a set of capacity zero, such 
that ‘u = U m-almost everywhere on Q ([ 17, Chapter 31). In this paper, when considering 
pointwise values of functions in D[a, R], we shall tacitly consider their quasi-continuous 
representatives. 
We say that a set U c X is quasi-open if for every E > 0 there exists an open set U, 
such that U c U, and cap”(UE\U) < E. 
DEFINITION 1.1. - For every open set 52 c X, let M:(O) be the set of all non-negative 
Bore1 measures b on R which are absolutely continuous with respectto cap”, i.e., p(E) = 0 
for every Bore1 set E c 0 with capa (E) = 0. Moreover, let M,“(Q) be the set of all 
measures ~1 E Mz (0) such that 
p(E) = inf{b(U) : U q uasi-open, E C U C 0) 
for every Bore1 set E c (2. 
It follows immediately from the definition that if U c fi is quasi-open, then there exists 
a Bore1 set E c 0 such that U c E and cap”(E\U) = 0. Therefore U is CL-measurable 
for every p E M:(R). 
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It is easy to see that a Radon measure belongs to M:(R) if and only if it belongs to 
%((I). This is not always true for measures which take the value +CC on some compact 
subset of Q (see Example 1.6 below). 
We notice that the integral of a non-negative function u E D[a, fl] with respect to a 
measure b E M;(Q) is well defined. Indeed, (the quasi-continuous representative of) u is 
defined up to a set of capacity zero, hence p-almost everywhere. 
DEFINITION 1.2. - We say that two non-negative measures p and X belonging to M:(O) 
are equivalent (and we write p N X) if Jo u~,u(&) = Jo u2X(&) for every u E Do[a: a]. 
REMARK 1.3. - By adapting the proof of Theorem 4.9 in [9] we obtain that two measures 
of M;(R) are equivalent if and only if they coincide on every quasi-open subset of a. 
This implies that, if two measures are equivalent, and one of them is a Radon measure, 
i.e., it is finite on all compact sets, then these measures are equal. 
For every p E M; (fl), let b be the set function defined for every Bore1 set E c R by 
/2(E) = inf{p(U) : U q uasi-open? E c U c O}. 
Then p is a Bore1 measure which belongs to Q(R) and b N ~1 (see [9, Theorems 3.9 
and 3. lo]). 
Given a Bore1 measure p on R, let PE be the Bore1 measure defined by 
( 1.2) CLEW = P(E n B) 
for every Bore1 set B c 62. 
DEFINITION 1.4. - Let R be an open subset of X, let p E M:(a), and let E c C2 be 
a b-measurable set. The variational ,u-capacity of E in f2 relative to the Dirichlet form 
a[u,v] is defined by 
(1.3) cap”,(E, R) = min 
C 
ar[u, U, fl] + 
s 
(u - 1)2p(dz) : u E Q&L,q . 
E > 
The minimum above is attained by the lower semicontinuity of the functional in the weak 
topology of Do[u, n]; if E CC 0, then the unique minimum point UE of (1.3) is called 
the p-capacitary potential of E in 0. 
Adapting standard truncation and comparison arguments to our case, we can prove that 
0 5 UE _< 1. 
REMARK 1.5. - Arguing as in [9, Theorem 2.91 we obtain that cap;(., !J) is an 
increasing countably subadditive set function, capz(0, Q) = 0, cap; (E, f2) _< ,u( E)) 
and cap;(E, n) < cap”(E, 0). Moreover capz(Eh, a) / cap”,(E, Q) whenever E is the 
union of an increasing sequence (Eh) of h-measurable sets contained in R. In particular 
for every open set U C R we have 
(1.4) capE(U, 0) = sup{capE(K, a) : K compact, K C U}. 
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Arguing at in [9, Theorem 3.51, it is not difficult to show that, if kh E G::(12), then 
(1.5) capE(E, n) = inf{capFL(U. 0) : U open, E c U c n} 
for every Lh-measurable set E c <I. 
EXAMPLE 1.6. - Let E c R and let COX)E be the Bore1 measure on Q defined by 
WE(B) = 
0, if cap”(E n B) = 0, 
+@J, otherwise. 
Then OOE belongs to M,“(G). It belongs to R( 0) if and only if fI\E is quasi-open. 
We notice that a Bore1 function defined on R belongs to L2(s1, (303) if and only if %I, = 0 
on E, except on a subset of capacity zero. Therefore, if E is closed in f2, we have 
Do[a, R\E] = Do[a, 01 n L2(R, CQE) (see [17, Theorem 4.4.2(i)]). It is not difficult to see 
that cap:,, (B, Q) = cap”(E n B, fl) for every Bore1 set B c R. 
The Green’s function for the form a[u, U] in an open set R CC X is denoted by GI1(z, 7~). 
We refer to [3] for the definition and for the main properties of the Green’s function. In 
particular we shall use the following estimate for balls whose radius is sufficiently small 
with respect to the constant R, which appears in the doubling condition (1.1). 
PROPOSITION 1.7. - Assume that 20R < R, and that the ball B(z, 40R) is relatively 
compact and different from X. If 0 < d(z, 1~) < R/16, then 
The constant c depends only on the constants occurring in the doubling condition and in 
the Poincare’ inequality. 
Proof - It is enough to apply Theorem 1.3 in [3]. 0 
Following [4], we introduce the notion of Kato measure associated with a regular 
Dirichlet form. 
DEFINITION I .8. - Let R be a relatively compact open subset of X with 2 diam (0) 
= R < R,, where R, is the constant which appears in the doubling condition (1 .I). 
Assume that there exists 2, E R with B(x,, 4R) CC X and B(z,, 4R) # X. We say that 
p is a Kato measure on R if p is a Radon measure on R such that 
where 1~1 denotes the total variation of the measure jr. The space of Kato measures is 
denoted by K(R), while K+(R) indicates the cone of non-negative elements of K(n). 
REMARK 1.9. - We remark that a Kato measure p is difSuse, i.e., p( {z}) = 0 for every 
:I: E 62 (see [4, 92]), hence we have lii lpl(B(x, r)) = 0 for every z E 0. This implies that 
for every compact set K c S2 and for every E > 0 there exists S > 0 such that [PI(E) < E 
for every Bore1 set E c K with diam(E) < 6. Moreover, if p E K(R) and g is a bounded 
Bore1 function, then it is not difficult to see that gh E K(R). 
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Finally, we recall a decomposition result for diffuse measures in M:(R) proven in [ 111 
by using an extension to Dirichlet spaces of the Evans-Vasilesco Theorem. 
THEOREM 1.10. - Let R be as in Definition 1.4 and let p E Mz (0) be a diffuse measure. 
Then there exist a Bore1 function q : R --f [0, +oo] and a measure X E K+(R) such that 
p N gX according to Dejinition 1.2. 
2. Reconstruction of a measure ,LL from its CL-capacity 
In the following theorem we establish a reconstruction formula which permits to obtain 
the measure p from the p-capacity associated with the form a[u, ~1. 
THEOREM 2.1. - Let fI be an open subset of X, let p be a measure in M:(Q), and let 
E, = {CC E fl : capL({s},R) > 0). 
Then for every Bore1 set B c R we have 
where the supremum is taken over alljnite Bore1 partitions (Bi)iEl of B. 
REMARK 2.2. - We notice that the second term in the right-hand side of (2.1) gives a 
contribution only to the atomic part of p, since it is concentrated on the set E,, which is 
contained in {z E R : p( {z}) > 0) ( we will actually prove in Proposition 2.11 that these 
two sets are equal). We note that, if ,LL is a-finite, then E, is at most countable. Equality 
(2.1) holds also when E, is not countable; in this case the sum for 5 E B II E, denotes, 
as usual, the supremum of the sums on all finite subfamilies of B n E,. 
REMARK 2.3. - If the Dirichlet form a[~, w] comes from a second order, uniformly elliptic 
operator on a bounded open set of R”, n > 2, then Theorem 2.1 reduces to Theorem 4.3 
in [9], since the capacity associated with a[~, U] does not charge singletons. On the other 
hand, in the general framework of Dirichlet forms, singletons may have positive capacity, 
as in the example in the last section. 
To prepare the proof of Theorem 2.1, we recall some general results of Measure Theory. 
For every open set R c X let D(Q) denote the a-algebra of Bore1 subsets of R. 
LEMMA 2.4. - Let R be an open set in X and let ,8 : (R) -+ [0, +oo] be an increasing, 
countably subadditive set function such that p(0) = 0. Let X : B(n) -+ [0, +co] be the 
least superadditive setfunction that is greater than or equal to 0. Then X is a Bore1 measure 
and for every Bore1 set B c R we have 
W = sup c P(K), 
ieI 
where the supremum is taken over all jinite Bore1 partitions (Bi)iEI of B. 
Proof. - See [9, Lemma 4.11. 0 
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LEMMA 2.5. - Let R be an open set in X, let /j and X be as in Lemma 2.4, and let /I 
be a Bore1 measure on 0. Suppose that,for every n: E 62 and ,for every E > 0 there exists 
r = T(Z,E) such that B(x,r) c 0 and 
(2.2) (1 - E)P(E) I P(E) L (1 + &)/h(E), 
for every Bore1 set E c B(x,r). Then X = p. 
Proof. - Let us fix E > 0. As X is separable, by Lindeliif’s Theorem there exists a 
sequence (xi) in X such that X is covered by the union of the balls B(xi, ri), where 
T; = (z;, E). Given an arbitrary Bore1 set E c X, we can write E as union of a disjoint 
countable family (Ei) of Bore1 sets such that Ei c B(x,, r;) for every i. As /j 2 X, 
using the fact that /3 is countably subadditive, while h and X are countably additive, we 
obtain from (2.2) 
(1 - ME) = (1 - E) c P(G) i c P(E;) 5 c X(Ei) = X(E). 
i 1 I 
P(E) L c P(&) 5 (I+ e) c p(Ei) = (I+ e)p(E). 
By the definition of X the second inequality implies X(E) 5 (1 + E)P( E) for every Bore1 
set E c R, while the first inequality gives (1 - e)p(E) < X(E). As E tends to zero we 
obtain X(E) = p(E) for every Bore1 set E c (2. 0 
LEMMA 2.6. - Let fl be a relatively compact open subset of X with 2 diam(a) = R < 
R0/20. Assume thatfor every x E R the ball B(x, 40R) is relatively compact and difSerent 
from X. Let GQ(x, y) be the Green’s function relative to the form u[u, v] in fl and let 
p E K+ (62). Then for every compact set K c R and .for every E > 0 there exists S > 0 
such that 
I 
Gt(:~, Y)IPI(~Y) < ~3 
.E 
for every x E R and for every Bore1 set E c K with diam(E) < b. 
Proof. - For every 5 E R, we have 12 c B(x, R) and consequently for every y E R 
(2.3) Gdx, Y) 2 G+,R)(x, Y) 
Proposition 1.7 and the maximum principle (see [3, 42(i)]) imply that for every 
0 < p < R/16 and for every 2, y E $2 with d(x,y) > p we have 
(2.4) I’ 
R 
'%(z,R)(? Y) 5 c 
s ds 
. p m(B(x, s)) . 
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By the definition of Kato measure, for every E > 0 there exists 0 < T < R/16 such that 
(2.5) 
for every II: E 0. By (2.3), (2.4) and (2.5), for every Bore1 set E c R we have 
(2.6) 
.I 
G&, YNPK~Y) < CE 
ErlB(r,r) 
for every 2 E 0. On the other hand the doubling property implies that m(B(z, s)) 2 k.(z)sP 
for every 0 < s 5 R.,, where 
p = log, C” > 0 and k(z) = R,“m(B(x, f&/2)). 
As fl CC X and supp m = X, there exists a constant le, > 0 such that It(z) 2 Ic, for 
every z E 0. Thus (2.3) and (2.4) yield 
c 
Gn(z,y) i - 
s ko r 
R sl-Pds = g(r) 
for every z, y E R such that d(z, y) > T. Then we have: 
(2.7) 
I’ ( , E\B(~ ~) GdZ, YM(dY) < sm4m 
for every 11: E R. By Remark 1.9 for every compact set K c R there exists S > 0 such 
that IPIW < dd4 f or every Bore1 set E c K with diam(E) < S. The conclusion 
follows from (2.6) and (2.7). 0 
LEMMA 2.7. - Let R be as in the previous lemma and let p E K+(R). Then for every 
compact set K c R and for every E > 0 there exists S > 0 such that 
cwz(E, 0) 1 Cl- E)‘P(E) 
for every Bore1 set E c K with diam(E) < S. 
Proof. - Let E CC 0 be a Bore1 set, and let UE be the solution of the minimum 
problem (1.3). The classical Euler condition implies that UE is the solution of the problem: 
UE E a[$ q, l-u.E E L"(fi,pE)r 
Ul[UE, 71, n] = 
.I 
(1 - ‘ILE)21 p(dz) VW E II&, n] n I?(R,pLE), 
E 
where PE is the measure defined in (1.2). Since 0 5 UE < 1, we have (1 - uE),u. E K+(n). 
Let w be the solution of the problem: 
(‘UI E a&, Q], 
[aIai:ii;fll = .I, (1 - ‘1LE)v p(h) v’v E &[a, at]. 
By an elementary comparison argument we have 0 5 UE < W, and by Proposition 3.2 
in [4] we get the representation formula 
l&(Z) = Gn(z> Y)(l - UE(d)ddd, 
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hence 
Being ,U E K+(R), by Lemma 2.6 for every compact set K c 0 and for every E > 0 
there exists S > 0 suth that UE(Z) < E for every z E R and for every Bore1 set E c K 
with diam(E) < S. Therefore, by definition of p-capacity, 
capj”(E, 0) = aI[uE; WI + 
.I 




(1 - ,uE)2p(dZ) > (1 - @X(E) 
.E 
for every Bore1 set E c K with diam(E) < S, which concludes the proof of the 
Lemma. 0 
LEMMA 2.8. - Let 62 be an open set in X, let p E %:(a), and let y E 12 with 
cap”,({g>, (2) = 0. For every p > 0 with B(y, p) c R let up = uB(~,~) be the p-capacitary 
potential of B(y,p) in $2. Let 0 < r1 < r2 be such that B(y,r,) CC 62. Then IL,, -+ 0 
uniformly in B(y,rz))\B(y,~~) as p + 0. 
Prooj: - Since capz({y},n) = 0, by (1.5) cap;(B(y,p),R) tends to zero as p + 0. 
This implies that up tends to 0 in Do[a, 01. Let us fix T, such that 0 < T, < r1 < r2. 
Let E = B(y,rz)\B(y,rl) and U = fl\B(y,r,). For y < T, the function up is a local 
non-negative subsolution in U, since the Euler condition for up implies that 
u[up3 w, U] = - 
I 
u,wm(dz) 5 0 
. c 
for every ‘u E Do[a, 01 with u 2 0 m-almost everywhere on U. By Theorem 5.4 of [3] 
we have 
where the constant c does not depend on p. The conclusion follows from the convergence 
of up to 0 in DO[a,R]. 0 
LEMMA 2.9. - Let R, 1-1, y be as in the previous lemma, and let R > 0 with 
B(y, :R) CC 0. For every E > 0 there exists 0 < 6 < R such that 
(I- &)2cwi(E, WY, RI) 5 CapiCE, 12): 
for every Bore1 set E c B(y,6). 
Proof. - Let us fix E > 0; by Lemma 2.8 there exists 6 > 0 such that the capacitary 
potential US of B(y,S) in X is less than E on B(y, iR)\B(y, +R). By a comparison 
argument, for every E c B(y, 6) the p-capacitary potential UE of E in X is less than 
or equal to ug. Let 
(UE - &)+ 
w = l--E ’ 
0, on X\B(y, kR>. 
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Notice that ZI is well defined since (UE -E)+ = 0 on B(y, $R)\B(y, +R). Moreover by the 
Markov property of the form a[u, w] we have that w E D[a, B(y, $R)]; as supp u c B(y, R) 
we can conclude that u E Do[a, B(y, R)]. S ince ‘u is an admissible function in the minimum 
problem which defines cap”,(E, B(y, R)), we obtain 
cap;@, B(Y, R)) i ar[v, w] + 
.I 
(u - 1)2,@r$ 
E 
1 
s (1 - Ey ‘lLUE, uEl + E(u~ - l)‘~(d~) .I > 
= & cap;(E, 12) 
and this concludes the proof. 0 
LEMMA 2.10. -LetR,,u,ybeasinLemma2.8, andletR < R,/80 with B(y,21R) CC Q, 
B(y,41R) CC X, and B(y,41R) # X. Assume that p E K+(B(y,R)). Then for every 
E > 0 there exists 0 < 6 < R such that 
capF(E, 0) 2 Cl- E14P(E) 
for every Bore1 set E C B(y,S). 
Proof. - Let E > 0. By Lemma 2.7, with R = B(y, R), there exists 0 < p < R such that 
cap;(E,B(~, RI) 2 Cl- &)‘dE) 
for every Bore1 set E c B(y, p). Let X be the Bore1 measure on R defined by 
X(E)= P(E n B(Y,P)). As CL E K+(B(y,R)), th e measure X is diffuse and belongs 
to M:(R). As X((y)) = 0, by Remark 1.5 we have capi({y},n) = 0. Therefore by 
Lemma 2.9 there exists 0 < S < p such that 
cap”,(E, 0) = capT(E, 0) 2 (1 - E)2capT(E, B(y, R)) 
= (1 - &)2wE(E, B(y, R)) 2 (1 - &J4p(E) 
for every Bore1 set E C B(y, 6). 
PROPOSITION 2.11. - Let 0 be an open subset of X, let p E M:(R), and let x E R. If 
capi({z},R) = 0, then p({x}) = 0. Zfcap”,({s},R) > 0, then 
(2.8) 
In particular ,u( {x}) = 0 if and only if cap;( {x}, 0) = 0. 
Proof. - We can assume that cap”( {xc), 0) > 0 and p( {z}) > 0, otherwise 
capE( {z}, 0) = 0 by Remark 1.5 and the result is trivial. By definition of cap;, and 
capa we have 
cap~({xl, 0) = min{al[u, U] + (U(Z) - 1)“11({z}) : u E Do[a, a]} 
= a~$~, min{ar[u,u] + (t - 1)2cL({z}) : 7~ E Do[a, R], U(z) = t) 
-- 
= o~j$~2wfYb~~ 0) + (t - Vc~({~>)l 
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where the quotient in the last line is equal to cap”( { :I:}! 62) if p( {z;}) = +#zQ. Then 
0 < capE({z},R) < cap”({:r:},R) if 0 < ,D({:c}) < +x, and 0 < cap;({:r:}.f2) = 
cap”({s},d2) if ,D({IC}) = +CG. In both cases we have 
P(M) = 
cap”({x), (2) . cap;({n:}, n) 
capa( f2) - capj”,({z}, 62) : 
which implies (2.8). Cl 
Proof of Theorem 2.1. - By Remark 1.5 cap;(., (2) is increasing, countably subadditive, 
and satisfies cap; (0, (2) = 0. Let v : B(i2) -+ [O: +oo] be the least superadditive set 
function that is greater than or equal to capz(., 62). By Lemma 2.4 v is a Bore1 measure 
and for every B E B(Q) we have 
V(B) = sup c cap;“l(Bi, i2), 
iEI 
where the supremum is taken over all finite Bore1 partitions (B;)i,I of B. We will 
prove that v = h when p is a diffuse measure which belongs to M:(G). Notice that 
,Q 2 cap;( ., R) by Remark 1.5, hence b > .u and consequently v E M,“(U). In order to 
prove the opposite inequality, we fix .7: E 62 and R > 0 such that 
(2.9) 
R < R,/80> B(z, 21R) cc R, 
B(z, 41R) cc X. B(x:, 41R) # X, 
where R, is the constant which appears in the doubling condition (1.1). 
Step 1. - Assume that 11 E K+(B(z, R)) and suppp CC B(z, R). By Lemma 2.10 
for every 9 E B(z, R) and for every E > 0 there exists 6 = S(y, E) > 0 such that 
B(:9,6) c B(z, R) and capE(E, f2) > (1 - &)/A(E) for every Bore1 set E c B(y,S). The 
same property holds for y E SI\B(z, R), as suppb CC B(x! R). Since we have also the 
inequality capE(., a) 5 p (Remark 1.5), from Lemma 2.5 we obtain that v = j-1. 
Step 2. - Suppose that p = gX, where g : 62 --f [0, +CXI] is a Bore1 function and X is a 
Radon measure in R such that X E K+(B(x, R)) and supp X CC B(z, R). For every k: > 0 
let gk(z) = min{g(z), Ic}; by monotonicity we obtain that v 2 cap;x(., i2) > capikx(., $2). 
Notice that ,9$+ is a non-negative Kato measure on B(z, R). Thus by Step 1 we have 
that gkX is the least Bore1 measure which is greater than or equal to capik,x(‘, 0). Then 
v 2 gkX, and taking the supremum on k we obtain v 2 gX = p. 
Step 3. - Assume that p is a diffuse measure of Mz(i2) with suppp CC B(:l;, R). Let 
us fix a Bore1 set E C R with v(E) < +cc and let pE be the measure defined in (1.2). 
Note that the least Bore1 measure on fl which is greater than or equal to cap;, (.: 0) is the 
measure VE defined by Q(B) = V( E r7 B) for every Bore1 set B c R. By Theorem 1.10 
there exist a Bore1 function .9 : R --f [0, +oo] and a non-negative Radon measure X on 
U such that X E K+(B(z, R)), suppX CC B(z, R), and ,UE N gX. Consequently, for 
every open set U c R we have VE( U) 2 capgE (U, 62) = cap$ (U, 62). As v~(S2) < f=, 
we have also VE(B) > cap,“,(B, Q) for every Bore1 set B c R. By Step 2 this implies 
VE 2 ,9X7 hence .9X is a bounded Bore1 measure. As idE r” .9X, we have ,&E = .9X. and 
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the previous inequality gives jLE 5 ZQ. Consequently we have IL(E) < v(E). and this 
shows that I-L 2 11. 
Step 4. - Let p E M:(O) b e a diffuse measure. Being X separable and locally compact, 
we can cover St by a countable family of balls such that the balls with the same center 
and double radius satisfy (2.9). Then we apply Step 3 to the restriction of p to each ball 
of this family, and we conclude that ,LL 5 11. 
Step 5. -Let p E M;(Q). By Proposition 2.11 we have E,, = {zz E X : &{x}) > O}. 
Let us fix a Bore1 set B c R. If BflE,, is uncountable, then p(D) = +cc and also the right 
hand side of (2.1) is +co; since the last term in (2.1) is the sum of an uncountable family 
of strictly positive numbers. Therefore we may assume that L3 n E,, is finite or countable. 
In this case B\E,, is a Bore1 set and by Step 4 (applied to the measure ,uB\E,,) we have 
p(B\E,) = sup C cap;l,(C;. Q), 
iEI 
where the supremum is taken over all finite Bore1 partitions (C,),,I of B\E,,; on the 
other hand by Proposition 2.11 we have 
Hence we obtain: 
(2.10) p(B) = sup C capj”l(C;, 0) 
iE1 
This shows that p(B) is less than or equal to the right hand side of (2.1). To prove the 
opposite inequality let (Bi)iEl be a finite Bore1 partition of B; if we define C, = Bi\E,,, 
then we have that (Ci)iEl be a finite Bore1 partition of B\E,, and, by subadditivity, 
capL(Bi! a) 5 capE(C,:R) + c c:apF,({n:}, 12). 
sEB,nE U 
By taking the sum for i E I, from (2.10) we obtain 
This shows that p(B) is greater than or equal to the right hand side of (2.1), and concludes 
the proof of the Theorem. q 
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3. Derivation results for /L-capacities on intrinsic balls 
This section is devoted to a derivation result for /r-capacities on intrinsic balls 
(Theorem 3.4). In the first part of this section we recall a Lebesgue type result and a 
derivation result on homogeneous spaces (no Besicovitch property is assumed) for Radon 
measures satisfying the doubling property (I .I), which we call doubling measures. By 
using these results Theorem 3.4 can be proved for a suitable class of measures, following 
the outlines of [6]. 
PROPOSITION 3.1. - Let p and X be non-negative Radon measures on 1Y such that X is 
doubling and 11, < X. Then jtir every f E Lk,,. (-71. 1~) we have 
(3.1) 
,fk~r /r-almost every :I: E X. 
Proof: - If IL is a doubling measure, then the maxima1 inequality proved in ([8], 
Chapter III, Theorem 2.1) allows us to prove (3.1) following the arguments in ([23], 
Theorem 1.3.8) (see also 171, Lemma 7). The extension to the slightly more general case 
considered in our Proposition is trivial. 
REMARK 3.2. - Let A. IL, u be non-negative Radon measures on X such that A is doubling 
and 11, < 11 << A, and let ,y be the Radon-Nikodym derivative of p with respect to V. 
Then by Proposition 3.1 we have 
I% 1, (n (.I:. 7.)) 
lI (B( 2:. 7.)) = 9 (,r,) 
” 
for 7/-almost every .I: E X. 
LEMMA 3.3. - Let (2 be as in Lemma 2.6 and let 11, E K+ (62). Then 
lirll cap;; (U(2, 7.); S2) 
/~--to /L (I? (:r:. 7.)) = l 
for every :I: E (2. 
Proof. - Thanks to the inequality cap: (. , G) < p (Remark IS), the conclusion follows 
easily from Lemma 2.7. 0 
THEOREM 3.4. - Let 0 be an open subset of X, let /L and 71 be non-negative Radon 
measures on R, and let X be a non-negative Radon measure on X which satisJes the 
doubling condition (1.1). Assume that 11, << 71 << X on 12 and let g be the Radon-Nikodym 
derivative of p with respect to 11. Then we have 
(3.3) 
for v-almost every .c E 0. 
Proof. - Since X is doubling and X is connected, it is easy to prove that X is diffuse. 
Therefore /L is diffuse, and by Theorem 1.10 it can be represented locally as the product of a 
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non-negative Bore1 function and a non-negative Kato measure. Then, thanks to Proposition 
3.1, Remark 3.2, and Lemma 3.3, we can repeat the proof of Theorem 2.3 in [6], with 
obvious modifications. 0 
REMARK 3.5. - We might think of the hypothesis on the measure X in Theorem 3.4, 
requiring X to satisfy the doubling condition, as a sort of “regularity” assumption (see 
[16], 2.8.8 and his diametric regularity condition in this respect) which may compensate 
the possible “wild” character of the balls in the metric space X. We recall that X has no 
structure whatsoever other than the metric one induced by the Dirichlet form (see $1). On 
the other hand, using some arguments in Federer’s book ([16], $2.8) it is possible to prove 
that “the more structure we have on X the less regularity is required for the measures 
under consideration”. In particular, if our space X is “smooth’, i.e., the Besicovitch 
covering lemma holds, then the derivation results (Proposition 3.2 and Theorem 3.4) can 
be proven without any doubling assumption on the measures (see [23] and [6]). In this 
way we can recover some cases already treated in the literature: the classical case of 
the Laplace operator on the Euclidean space R” (see [6], Theorem 2.3) and the case 
of the Laplace-Beltrami operator on a n-dimensional compact Riemanian manifold with 
boundary (see [21], Theorem 3.14). 
4. Dirichlet problems on varying domains 
In this section we apply the previous results to determine the measure which appears in 
the limit of the sequence of relaxed Dirichlet problems. At the end of the section we will 
consider, in particular, the case of Dirichlet problems in perforated domains. 
Let us fix an open subset C! of X and a constant r > 0. We recall that 
u, [IL, w, n] = u [IL, ‘U, n] + T s u w m (fix), for U, 71 E D [u, 01. fl 
Let 0; [a, $21 be the dual space of D, [a, Q], and let L, : D, [u, 521 --+ 0; [a, 121 be the 
operator defined by (L, IL, w) = uT [u, w: 01 for every U, u E D, [a, 01, where (., .) 
denotes the duality pairing between 0; [a, 01 and D, [a. 01. 
DEFINITION 4.1. - Given f E 0; [a, Q], we say that u is a weak solution of the relaxed 
Dirichlet problem 
L,u+p7L=f in R, 
u E D, [a, q n L2 (0, p), 
if 
By standard variational arguments it is easy to prove the following result. 
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PROPOSITION 4.2. - For every f E D(\ [(I. 121 problem (4.1) has u unique weak solution. 
This solution can be characterized as the minimum point qf the ,functional 
on D, [a, Cl] n L2 (0, p). 
REMARK 4.3. - If the Poincare inequality holds on D, [u; 121, i.e., there exists a constant 
CQ > 0 such that 
then the previous result (and all other results of this section) can be proved also for C- = 0. 
Since the imbedding of D, [n,, fl] into L2 (Q, m) is compact when R CC X (this fact 
can be proved as in Lemma 2.5 of [5]), it is possible to prove by standard arguments 
that the PoincarC inequality (4.2) holds whenever 62 is relatively compact in X and X\s2 
has positive capacity. 
For every h E M z (Q) we consider the functional F,& : D, [a; Q] -+ [0, +CQ] defined by 




We introduce now a variational convergence in the class M z (Q). 
DEFINITION 4.4. - We say a sequence (pcLh) of measures in M; (0) y”-converges to a 
measure ,U E Mz (R) if the sequence of functionals (F,, ) r-converges to the functional 
F,, in L2 (Sz. m) in the sense of 1131, i.e., both the following conditions are satisfied: 
(i) for every u E D, [a, $21 and for every sequence (u!?) in D, [a,, R] converging to u 
in L2 (0, m) we have 
(ii) for every w, E D, [a, Q] there exists a sequence (uh) in D, [a; fl] converging to u 
in L* (R, m) such that 
REMARK 4.5. - If A, LL E Mg (Q) and X N /L (Definition 1.2), then FA = Fp. Therefore 
the previous definition does not depend on the choice of the representative measure in its 
equivalence class in M z (Cl). 
The following lemma shows, in particular, that the inequality in condition (i) is satisfied 
also when (oh) converges to 71. weakly in L2 ((1. m,). 
LEMMA 4.6. - Let (ph) be a sequence of measures in Mz (0) which y”-converges to a 
measure IL E Mz (0). Let U and V be two open sets such that U C V C R. Then 
(4.3) 
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for every u E D [a, V] and for every sequence (uh) in D [a, V] which converges to ‘u 
weakly in L2 (V, m). 
Proof. - Let u E D [a, V] and let (uh) be a sequence in D [a, V] which converges to 71. 
weakly in L2 (V, m). We may assume that the right hand side of (4.3) is finite and that the 
lower limit is a limit. Therefore a [uh, uh, V] is bounded, and a slight modification of the 
proof of Lemma 2.5 in [5] shows that the sequence (uh) converges to u in LtO, (V, m). 
We may assume that (uh) is bounded in L” (V, m), since the general case can be 
easily obtained by truncation. Let K be a compact subset of U. By Lemma 2.1 in [5] 
there exists 4 E D [u] n C, (X) such that C#I = 1 on K, 0 < 4 < 1 on X, supp 4 CC U, 
and LY [c#I, $1 5 cm as measures on X, where c is a constant that depends on K and U. As 
uh and u belong to D [a, V] f? L” (V! m), the functions c$‘u~ and 4 u belong to D, [a> O] 
(see [17, Theorem 1.4.2 (ii)]). Since (d?Lh) converges to $1~ in L” (s2, m), condition (i) 
of Definition 4.4 implies that: 
Let S = supp+ By the Leibnitz rule (see [19, $3(k)]) we have: 
(4.5) 
U[dU, 4ufll = . v $2 ck [u, u] (dz) + 2 s 4ucl[4, u] (d:c) + 
/ J J 
u2 a [4, $1 (dn:), 
S 
u [$Uhr $uh fl] = J +2 a [uh, ‘llh] (dz) + 2 $uh ~2 [d, ‘&I] (dx) + u”h 0. [& 41 (dx). v J .s 
We want to prove that 
(4.6) 
To this aim we write 
Since o (4, 4) < cm and (uh) converges to %1 in L2 (S’, m), while u [‘1Lh: ‘uh, V] is 
bounded, from the Schwarz rule (see [19, $3(n)]) we obtain that the first term in the 
JOURNAL DE MATH6MATlQUES PURES ET APPLIQUeES 
108 0. DAL MASO et ~11. 
right hand side of (4.8) tends to zero. By the Leibnitz rule (see 119, $3(k)]) we can write 
the second term as 
Since (~1, - U) C$ u is bounded in D, [u. U] (see [ 17, Theorem 1.4.2(ii)]) and tends to 0 in 
L* (U: mn), we conclude that (U 1, - U) q5 IL tends to 0 weakly in D, [n, U], hence the first 
term in the right hand side of (4.9) tends to zero. As ~(4, 4) 5 cm and (Uh) converges 
to 71, in fi2 (S! m), the Leibnitz rule and the Schwarz rule imply that also the second 
term in the right hand side of (4.9) tends to zero. This shows that the second term in the 
right hand side of (4.8) tends to zero, and concludes the proof of (4.6). Equality (4.7) 
is an easy consequence of the inequality rv (4, $) < _ c ‘rn and of the strong convergence 
of (ah) to 11, in L2 (S, wl). 
From (4.4)-(4.7) we obtain that 
For every open set V’ CC V there exists a function ,(i/ E D [a,] c CC. (X) such that 
do = 1 on V’, 0 < 41 5 1 on X, supp$ CC V, and cy [$, $1 I: IF m, as measures on X, 
where h; is a constant that depends on V’ and V (see [5, Lemma 2. I]). Let ,I& = ?/I ?Lh and 
U’ = 41 u,. As (?A;,) converges to ‘II, weakly in D, [a. V], by lower semicontinuity we have 
By locality this implies 
and taking the limit as V’ / V we obtain 
(4.11) 
Finally, (4.3) can be obtained by adding (4.10) and (4.1 l), and by taking the limit as 
K/U. 0 
If we apply Lemma 4.6 with U = V = R, we obtain that the inequality in condition 
(i) of Definition 4.4 is satisfied also when (uk) converges to u weakly in L2 (f2, m). 
By using standard r-convergence techniques (see [ 10, Theorem 13.61) it is possible to give 
the following characterization of y”-convergence. 
PROPOSITION 4.7. - A sequence (ph) of measures in Mz (f2) y” -converges to a measure 
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,LL E M’,” (12) if-and only f.f i or every ,f E D:, [a, Q] the sequence of weak solutions (Q) 
of the problems 
(4.12) 
LT 7Lh + /Lh u/t = f in (2. 
-IQ, E D, [a, 621 n L2 (0. pt,). 
converges weakly in D, [a, 121 and strongly in L2 (f12: 7n) to the weak solution of the limit 
problem 
{ 
L, 1L + pu> = f %?I. 0. 
II, E D, [a: Q] n L2 (0, p). 
Moreover, if this property is satisfied for u constant r > 0, then it holds for every r > 0 
(and also for r = 0 if the Poincare’ inequality (4.2) holds on D, [a, 01). 
The following result shows that the space M; (0) is sequentially compact under the 
y”-convergence. 
PROPOSITION 4.8. - Every sequence of measures of Mz (12) has a subsequence which 
y”-convergences to a measure of ME (0). 
Proof. - See [20]. 
Now we study some stability properties of the capacity cap;, (. . 62) with respect to the 
y”-convergence. To this aim we need the following lemma. 
LEMMA 4.9. - Let U, II E D [u. 01, let 4 E D [o,] n C,. (X) with 0 < $I 5 1 in X, and let 
‘111 = c$ u + (1 - (b) ?I. 
Suppose that there is a constant c > 0 such that o [$, $1 5 cm as measures in X. Then 
UI E D [a, $11 and for every 0 < E < 1 we have 
us Radon measures on 62. 
Proof. - It is enough to prove the lemma when U. ‘U E D [Q,, 621 n L” (12, rn). The 
general case follows by approximation. 
The energy measure o [u; U] is a bilinear form which satisfies the Leibnitz rule (see [ 19, 
$3(k)]), so that for U, II E D [u, 01 n L” (0, m) we have: 
(4.13) 
As 20 [II, ,u] 5 o [II, V] + o [u, U] (see [19, $3(n)]), we have also 
q52 (li [?I, u] + (1 - 4)” o! [?I, li] + 2q5 (1 - 4) (1 [U, II] 
JOURNAL DE MATHBMATIQUES PURES ET APPLIQU&S 
110 0. DAL MASo Pt 01. 
thus we get from (4.13) 
(4.14) cr: [w; w] 5 q!Kr [1L. ‘Vi] + (1 - ci,) N [II. ,v] + ((I - (1)’ (Y [(i,. d:;! 
+ 2q!l (.I/, - ‘71) a! [d. u] + 2 (1 - 4) (71, - II) (1 [$. 7’1. 
From the Schwarz rule (see [ 19, 03(n)]) we deduce 
for every 0 < E < 1. Using these estimates for the last two terms of (4.14) we get: 
+ E ___ (1 - (ii)* 0 [7!. II] + 2 e (u - 71)” (1 [(b, $1 
1-C 
as Radon measures on S2. Recalling that 0 < 4 5 1 and that CY [$. $1 2 c rn, from (4.15) 
we obtain: 
+ & (1 - 4) 0 [Zl: ‘li] + F (71 - 1I)2 c rll 
4 1 - (i, = __ Q [u. I/!] + F 
2 c: 
l--E 
(Y [II. u] + - (u - 1q2 rn, 
t c 
which is the inequality we wanted to prove. 0 
DEFINITION 4.10. - A chain of Bore1 sets in 0 is a family (&),,I of Bore1 sets of 12 
such that I c R is an open interval and E,Y CC int Et for every s, t E I with s < t. A 
family R of Bore1 subsets of R is said to be rich if for every chain (E,),,1 of Bore1 sets 
in R the set {t E I : Et # R} is at most countable. 
The following result states the stability property of the [A-capacity under y”-convergence. 
THEOREM 4.11. - Let (ph) be a sequence @measures in M; (0) which y”-converges to 
a measure 1, E Mg (0). Then there exists a rich,family ?2 of Bore1 sets in 0 such that 
for every E E R. 
ProoJ - Using Lemmas 4.6 and 4.9, it is possible to prove the analogues of Lemma 5.6 
and Proposition 5.7 in [9], and we obtain: 
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for every open set CT c 62 and for every compact set K C U. The conclusion follows now 
from a general property of increasing set functions (see [IO, Proposition 4.151). 0 
COROLLARY 4.12. - In the sume assumptions c~f Theorem 4.11, ,for every :I‘ E 62 there 
e.uists a countable set iv,. C R such that 
Proqfi - The conclusion follows from the previous theorem and from the fact that, if 
we set I = {r E R : 7’ > O! B (x:, 1.) CC $I}, then the family (23 (2, T))~~~ is a chain of 
Bore1 sets. 0 
As an application of Corollary 4.12, we prove the following result, which extends 
Theorem 5.2 in [6]. 
THEOREM 4.13. - Let (I*,,) be a sequence of measures qf Mz (Q). Assume that there exists 
a Radon measure X on X, satisfjting the doubling condition (I.]), such that 
(4.16) 
.for every :I: E R andfor every 0 < p < r < R (z), where R (:I:) > 0 is a constant depending 
on :I:. Assume that for X-&most every x E R we have 
Then the sequence (p1, ) yn-converges to the measures p, = g X. 
Proof. - By the compactness of Mz (Q) under the y”-convergence (Proposition 4.8) a 
subsequence of (,LL~,) y”-converges to a measure p E MZ, (12). Without loss of generality 
we can assume that B (:I;. R (z)) CC R for every :c E 12. By Corollary 4.12 for every 
:I’ E (2 there exists a countable set NJ, such that 
(4.17) capj: (B( :I;, p), 12) = lim cap;,, (B( :c! p). 0) 5 X (B (:I:, 7.)) 
11 'cc 
for every 0 < /, < r‘ < R(X) with p $ N,,.. Using the properties of cap;, (.. 12) listed in 
Remark 1.5, from (4.17) we obtain that 
capj”, (B (:c, r). 0) 5 X (B( :I;. 7.)) 
for every 0 < 7‘ < R (2:). 
We want to prove that cap; (E, R) < C, X (E) f or every Bore1 set E CC 62, where C, 
is one of the constants which appear in the doubling condition (1 .l). As the measure X 
is regular, for every E > 0 there exists an open set U, with E c U c 12, such 
that X(U) 5 X(E) + E; moreover for every x E E there exists 7’ (z) > 0 such that 
B (2, r (2:)) c U, r (:I:) < R(Q2, and T (XI:) < R,, where R, is the other constant 
which appears in the doubling condition (1.1). By Theorem 1.2 in [8] there exists an at 
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most countable family (:I;<) in E such that the balls II (.I:,, r’ (x,)) are pairwise disjoint 
and the balls B (xi, 2~ (xi)) cover E. By the subaddivitivy of cap;‘, (., 12) and by the 
additivity of X we get 
by the arbitrariness of E > 0 we get cap; (E. 62) < CO X (E). Since X is doubling and X 
is connected, we have X ({x}) = 0 f or every :I: E 62. Therefore the previous inequality 
and Theorem 2.1 imply that E,, = 0 and I-L (E) 5 C, X (E) for every Bore1 set E c (2. 
By (4.17) and by the hypotheses of the theorem we have 
,iII, irlf w; (B c.1;. 1.1: 0) 
I.-r0 x (B (;r;, r.)) = 9 @) r,g,v, 
for X-almost every x E 0. Now we apply Theorem 3.4 with 11 = X and conclude that 
CL = 9 A. Since the limit does not depend on the subsequence, the whole sequence (/l,,,) 
y” -converges to .q A. 0 
REMARK 4.14. - Remark 3.5 allows us to avoid the doubling condition in Theorem 4.13, 
if the Besicovitch covering lemma holds for every Radon measure on X. 
We shall prove now another result, Theorem 4.15, that can be applied even if estimate 
(4.16) does not hold. This theorem shows that the y”-limit 1-1, of a sequence (,L[~) in 
Mz (62) is uniquely determined by the asymptotic behavior of the corresponding sequence 
of the /Lh-capacities. Note that. given an arbitrary sequence (/oh) in Mz (O), the only 
hypothesis of Theorem 4.15, ix. condition (4.18), is always satisfied by a subsequence 
(see [14], Theorem 8.15). 
THEOREM 4.15. - Let (PI,) be a sequence qf measures of Mz (62). For every compuct 
subset K of f2 we dejne 
,ij’ (K) = lim inf cxpj:,, (K. 62). 
l!icx 
/‘9” (K) = lim sup ~apz,~ (K: 62). 
II-K, 
Assume that for every open set Cl C 62 
(4.18) sup {p’ (K) : K cornpnc~~ K c U} = suy> {,” (K) : K compa,ct: K C U}. 
denote this common value by /3 (U), and extend the dejnition to arbitrary subsets E qf 62 by 
(4.19) /j (E) = inf (1-l (U) : U O~ZU, E c U c $2) 
Let p be the set function de$ned for every Bore1 set B C 12 by 
(4.20) 
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where the supremum is taken over all jinite Bore1 partitions (Bi)iEI of B, and F:j = {X E 
12 : ,0 ({x}) > O}. Then p is a measure which belongs to J~?Z (a), /J (B) = cap; (B. 12) 
fi)r every Bore1 set B c R, and (ph) yn-converges to p. 
Proc$ - By the sequential compactness of the ya-convergence (Proposition 4.8), a 
subsequence of (ILL) y”-converges to a measure v E Mz (0). By Remarks 1.3 and 4.5 we - 
may assume that v E Mz (0). Theorem 4.11, together with some genera1 properties of 
increasing set functions (for which we refer to [lo], $14), implies that 
(4.21) B(E) = cap; (E, 0). 
on a rich class of Bore1 sets in R. As [ll and cap; (., Q) are inner regular (see (1.4)), 
equality (4.21) can be extended to every open set E c 12. Finally, using (4.19) and (1.5), 
we can prove also that (4.21) holds for every Bore1 set E c S2. From (4.20) and from 
Theorem 2.1 it follows that v = 1,. Since the result does not depend on the subsequence, 
the whole sequence (,uL~) y”-converges to 11,. 
REMARK 4.16. - Theorem 4.15 is a generalization of Theorem 6.1 in [9]. Indeed that 
paper deals with uniformly elliptic operators in open subsets of R”, n. > 2, and it can 
be easily shown that the corresponding capacities do not charge singletons, so that the 
set FLj is empty. 
The next result is an application of Theorem 4.15 to Dirichlet problems in perforated 
domains. Let (C?,,) be a sequence of open sets in R. For .f E 0:) [n: 621 let us consider 
the sequence of Dirichlet problems 
(4.22) 
We say that ~1, is a weak solution of (4.22) if 
C 
‘I& E Do [a,, Oh] 
a, [m: I’: f&J = (f, ?I) v 7) E D,, [a, Oh]. 
Then we can prove the following result. 
THEOREM 4.17. - Let us define, for every compact set K c 62, 
p’ (K) = l$ii;f capn (K\flh, 62), p” (K) = lim sup cap” (K\bIh: 12). 
l!+ioc, 
Suppose that equality (4.18) holds true, let 0 be the set function defined in (4./g), and let 
,CL be the measure dejined in (4.20). Then for every f E D:, [a, $21 the sequence (oh) of 
the solutions of (4.22) converges weakly in D, [a, 01 and strongly in L2 (0, m,) the weak 
.solution u qf the relaxed Dirichlet problem 
(4.23) 
Proof. - For every h let Eh = R\0h and let I-L/~ = SE,, be the measure defined 
in Example 1.6. We recall that D, [(I, llf,] = D, [a, [2] n L2 (12, /dh), so that, with this 
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particular choice of IL/~, the weak solution of (4.22) coincides with the solution of 14.12). 
Moreover we have cap” (. n El,. 12) = (xI)&,~~~ (. . 0). Thus by Theorem 4.15 (//,tl) r”- 
converges to IL. By Proposition 4.7 the sequence (u/~) of the weak solutions of (4.22) (and 
hence of (4.12)) converges strongly in L2 ((2, m) and weakly in D, [CL, 621 to the weak 
solution ‘1~ of (4.23). i? 
5. A limit problem with a purely atomic measure 
In this final example we consider a regular Dirichlet form on R” for which the capacity 
of the origin is strictly positive; we then construct a sequence of perforated domains such 
that the solutions of the corresponding Dirichlet problems converge to the solution of a 
relaxed Dirichlet problem whose measure IL is a multiple of the Dirac mass at the origin. 
Let 7~ 2 2 and let 7u : R” + R be the weight defined by 11) (x) = 1 :I: I--(‘, 
with n - 2 < CY < n. Then 111 belongs to the Muckenhoupt class AZ, for which we 
refer to [15]. Let us consider the “volume measure” m,,, (&) = ‘IU (J) &; it is well known 
(see, e.g., [ 1.51) that rn,, is a doubling measure. 
Let HZ (R”? rn,.) be the space of all functions u E L2 (R”, nr,,) whose first order 
partial derivatives in the sense of distributions belong to L2 (R’, ~1,). For every 
IL. ‘11 E W1 (R” ! m,,.) let 
Then Q,, is a regular Dirichlet form on L” (R’, v),,,) with domain D [a.,,,] = H1 (R, m,,.). 
With our choice of the volume measure m,,: (d:c) = ‘~1 (2:) d:c, the metric induced by the 
Dirichlet form a,,, coincides with the Euclidean metric on R”. Moreover CL,,, satisfies all 
other assumptions of Section 1 (see [15]). 
Let f2 = B (0, R) f or some R > 0, and let cap”‘ (., !2) be the capacity associated wih 
the Dirichlet form n, on $1. As proven in [ 1.51 we have cap” ({O}, 0) > 0. Moreover, by 
direct comparison with the capacity associated with the Laplace operator, it is not difficult 
to see that cap” ({x}, 0) = 0, for any :I’ E 0\{ O}. 
Let c be an arbitrary constant, with 0 5 c < +oc. We want to construct a sequence 
of domains llh c R such that, for every f E 0; [a,,., 621 and for every 7 2 0, the 
weak solutions 1~)~ of the Dirichlet problems (4.22) for the form a,,; converge strongly 
in L* ((2, VA,,) and weakly in D, [Us,,. 621 to the weak solution of the relaxed Dirichlet 
problem (4.23) for the form a,,,, with /L((O}) = c and /L(Q\{O}) = 0. 





8) holds and, if /J is the set function defined by (4.19), then 
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and 
(5.2) 
For every 2 E R’” and for every T => 0 let D (z, T-) be the closed ball with center z and 
radius T, i.e., D (z, r) = {y E R’” : 1 r~ - :X 1 5 r}. Let us fix a sequence (zh) in R which 
converges to 0 as h tends to infinity and such that 0 < ) %h 1 < R/2 for every /1. We will 
consider domains Qh of the form flh = fl\D ( :I;h, ?-h) for a suitable choice of the radii T!~. 
Let K = capzL’ ({0}, Q) > 0 and let b = CK/(C + K;), with the obvious convention b = h; 
if c = +oo. For every h the function 
r H capW (D (xJ~; T), B (0, R)); o<r< 15,,l. 
is continuous (see [ 17, Theorem 3.1.11) and 
cap”’ ({x,~}, B (0, R)) = O1 capUl (D (Q, 1 .%‘h I), B (0, R)) > K. 
where the last inequality follows from the fact that (0) C D (Zh > I Zh I). As 0 < b < 6, 
there exists rh, with 0 < ?“h 5 I X:h I such that 
cap’) (D (zh, T,>,), B (0, R)) = b. 
Since (X;h) and (rh) tend to zero, for every compact set K C Q\{ 0) we have 
K fl D (Zh, rh) = 0 for h large enough, hence p’ (K) = p” (K) = 0, which yields 
(5.1). Let us fix 0 < p < R. Since D (oh, Th) C D (0: p) for h large enough, we have 
Cap=’ (D (0, p)\f$,, 62) = Citp”’ (D (%:h; 7j,); $1) = b 
for h large enough, which gives ,# (D (0, p)) = p” (D (0. p)) = b for every 0 < 0 < R. 
By taking the supremum for p < T we obtain /j (B (0, r)) = b for every 0 < 7’ < IZ. 
By (4.19) this implies [? ((0)) = b. S’ mce c = K: b/(k: - b), we obtain (5.2). 
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